Chem 327

2D rigid rotor: Particle on a Ring

Introduction


In class, we talked about a model of rotation in two dimensions, the so-called 'particle on a ring.'  Another description of this model might be as a 2D rigid rotor, this contrasts to a 3D rigid rotor which captures much of the underlying physics behind rotating molecules and the angular motion of atoms.  In addition, we shall see, that the 2D rigid rotor also provides insight into the intrinsic angular momentum of spin 1/2 fermions such as protons and electrons.  The 2D and 3D rigid rotor models are applicable to these types of situations because we can always mathematically reduce a two-body problem (such as two atoms in a diatomic molecule rotating relative to one another) to something that looks like a single body (pseudoparticle) with a mass equivalent to the reduced mass of the two-body situtation rotating about the center of mass (see the handout on reduced mass, etc.)

The Hamiltonian and Quantization


Unlike the case of the harmonic oscillator, the potential term in the Hamiltonian for both the 2D and 3D rigid rotors is simply zero everywhere.  There is no potential , V, that enters into the expression.  In this sense, the rigid rotor approximations are rather more like the free particle model than even the particle in a box because in the latter at least there is some no-zero value of V for values of x that are 'outside' the box.  Still, as we saw in class and as we'll prove again here, quantization of rotational kinetic energy does occur.  The question is why and how.  

First things first


When we talked about the free particle, which I'm likening this problem to, the principal dynamical property we were interested in was the linear momemtum, p.  The same property in the context of rotational motion is much less useful because as can be seen in Figure 1, the linear momentum of the particle (or pseudoparticle) changes continuously during the course of the rotation.  In other words, linear momentum is not a 'constant of the motion' for rotating bodies.  Instead we define a new type of momentum, angular momentum, Lz, which is a vector quantity (as is linear momentum) defined according to the equation 
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where the r is the radius vector of length |r|, p is the linear momentum vector of magnitude |p|=|mv|, and  is the angle of intersection between vectors r and p.  The X indicates that the product of these two vectors is the so-called ‘cross product’ which is taken to be a third vector perpendicular to the first two (r and p) whose directionality is given by the right-hand rule.  These quantities are illustrated in Figure 1 for the 2D rigid rotator where the xy plane is taken to contain the 'ring' and therefore the angular momentum vectors point in the +z and -z directions, respectively.


Figure 1

Because of the particularly simple form of the particle on a ring, the expression for angular momentum is also particularly simple.  The vectors r and p intersect at an angle  of 90( so because Sin(90()=1 the definition for angular momentum in the 2D rigid rotor leads to Lz=(pr.  So, where does the quantization come in?

Origin of quantization


As we have seen numerous previous times, the quantization of energies that is so important for small particles arises from the imposition of ‘boundary conditions.’  Recall these these boundary conditions can arise because of the particular form of the potential energy term in the Hamiltonian or these they can take the form of restrictions placed on the form of the wavefunction, (), by the nature of the physical system.  The latter is the type that we are worried about here, after all there is no potential energy term.  The restriction of interest here is that the following
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where the angle  is defined in Figure 2 below.

This constraint means that the wavefunction must have the same value at, for instance at the angular coordinate = as at =3 because these represent the same point on the ring.  This is what I meant when I told you early on that one of the important criteria that wavefunctions must satisfy is that they be single-valued.  They can have only one value at a particular coordinate. 

Now, illustrating this equality: 
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this equation holds only when k=0,1,2,3,…. where Cos(k2)=1 and Sin(k2)=0.

( Usually we use the letters n or m to denote quantities that because of external constraints have become quantum numbers.  )

Hence, we see that constraining the particle to a ring limits our possible values of k to integer values.  This is equivalent to saying that this constraint places restrictions on the possible values of angular momentum because it means that a whole number of wavelengths of the particle on the ring must fit within the circumference of the ring.  (BTW:  the circumference of a ring is 2 if its radius is 1, more generally the it is 2r, obvious I hope)  

i.e.  
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Such restrictions are illustrated in Figure 3.  
Question 1


Can the quantum number of the wavefunctions for the particle on a ring be negative?  Why or why not? If so, what are the consequences to the angular momentum or energy of the system?  

Problem 1


Use this restriction on the possible values of  as well as the simplified expression given above for the angular momentum of the particle on a ring to derive the expression given in class for the eigenvalues of the angular momentum operator:
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note: by convention we use the letter m, not n,  to denote the quantum number for angular momentum along the z axis- go ahead and include it here if you want to 


The angular momentum operator.  

The form of the angular momentum operator for this problem is very simple, remember that for linear momentum we found that the momentum operator was proportional to the first derivative of the wavefunction with respect to the spatial coordinate x:

i.e.  
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The analogous angular momentum operator is simply proportional to the first derivative of the wavefunction with respect to the angular corrdinate .  
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The Wavefunctions 


So what does the wavefunction look like?  Well, try this on for size
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Note that this was written without a normalization constant.  

Actually, these wavefunctions represent a class of wavefunctions (a spectrum) which differ from each other by their values of the quantum number m.  

Problem 2


Find the normalization constant for the wavefunction 1 and .  Do the same for the wavefunction with m=0 and m=2.  Does the normalization constant depend on the value of m?  Why or why not?  Hint: remember the ‘universe’ of coordinates for this particle consists of the range =0(2.  

Problem 3


Show that the wavefunctions m are eigenfunctions of the angular momentum operator with the eigenvalues given by your expression from Problem 1.  

Problem 4

Also show that these wavefunctions are eigenfunctions of the rotational kinetic energy operator defined as
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where I is the moment of intertia of the particle on a ring.  (See the attached document discussing reduced mass and moments of inertia).  

Show that wavefunctions that have the same |m| are degenerate.  

Problem 5


Remember in our example of a free particle that the more we know about the momentum of a particle the less we know about its position and vice versa.  This principle applies to angular momentum and angular position as well.  We know the angular momentum eigenvalues of the wavefunctions m exactly (as you showed earlier).  Show that the probability distributions, ()* given by these wavefunctions are the same at any value of , that is we don’t have any idea where along the ring the particle is.  

Problem 6

 
Consider the superposition2 of  the pure angular momentum wavefunctions l and -1 
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and
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Are either of these functions eigenfunctions of the angular momentum operator?  What about the rotational kinetic energy operator?  Calculate the expectation value of angular momentum in each case.  Use the Euler relationship
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to simplify and rewrite these functions in such a way to make it clear that we do in fact get a better idea of angular position by taking this superposition.  

Problem 7 (Degeneracy and the origin of the 4n+2 rule for Hückel aromaticity)

Problem 8


Actually, I lied a little.  There is one physical situation that is reminiscent of the kind of 'double valued' wavefunction that I've so far said is forbidden by the rules of quantum mechanics.  This situation is the case of electron (or proton, or neutron) spin.  Spin is a kind of 'intrinsic' angular momentum that is independent of the motion of the particle and is just a property of the particle itself, like its charge.  The spin of an electron can be described by a spin wavefunction and although I can't write such a wavefunction down like I can for the particle on a ring, I can deduce some of its properties.  In particular I can deduce the allowed values of spin-angular momentum.  The nature of electron spin is represented by the not allowed 'double-valued' wavefunction in Figure 3.  This function is double valued because the value of the wavefunction (=) = -(=3) despite the fact that these two angles,  and 3, refer to the same physical position along the ring.    Given that fact and the reasoning you used earlier to determine the allowed values of angular momentum along the z-axis for the particle on a ring, deduce the possible values of spin angular momentum (along the z-axis) for the electron.  
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Figure 2.  The definition of the angular coordinate  in the 2D rigid rotor (Particle on a ring).  This is the only variable coordinate in the 2D rigid rotor and the ‘universe’ for this coordinate is restricted to the range =0(2





Figure 3.  Possible values of  (and therefore momentum) for the particle on a ring.  Note that one of these is not allowed because the wavefunction corresponding to such a case would be double valued. 
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