The Free Particle in Quantum Chemistry and a Justification for the Heisenberg Uncertainty Principle

The Free Particle:

We have discussed time-independent free particle wavefunctions of the form:
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where Ak is a normalization constant (that may depend on the value of k(=2 ) chosen( and the second equality holds by the so called Euler’s relationship. This wavefunction describes a particle free to move anywhere on the x axis.  That is, the particle is not bounded by anything (i.e. V(x)=0 everywhere).  We already know that it is an eigenfunction of the momentum operator:
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or putting it more succinctly
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Mathematical Interlude:

First Point:


The derivative of any exponential function, f(x) = e ax is always the following

[image: image4.wmf]where  is a constant
Second Point:


Eulers equation is the following
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or
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where  is, again, a constant.

Question 1


Using Euler’s relationship (above) solve the following equations:

(1)      
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(2) 
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______________________________________________________________________________________

It is also true that this function k is an eigenfunction of the Hamiltonian operator.  Remember the Hamiltonian operator is composed of two parts, the kinetic energy operator and the potential energy operator, V(x).  In the case of the free particle where, again, V(x)=0 for all values of x , the Hamiltonian operator can then be seen as the operator, i.e. mathematical procedure, that give the total energy of a particle.  Because classically the kinetic energy of a particle is the square of the momentum, (p=mv) divided by two times the mass of the particle, we make the following association between the classical result and its quantum mechanical equivalent.  
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So, this expression above gives the kinetic energy operator.  Hence the Hamiltonian operator for the free particle is:
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more succinctly:
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where the eigenvalues are 
[image: image12.wmf] and correspond to the kinetic energy and therefore also the total energy of the free particle (for which V(x)=0).  It is important to note here that k, the wavenumber which equals 2, can be chosen arbitrarily.  There is nothing in the Schrodinger equation (or more properly in the form of the potential energy part of the Hamiltonian operator) for this situation that puts any restrictions on the allowed values of k.  Therefore, there is no restriction placed upon the allowed momentum consequently nor the kinetic energy (=total energy here).  The energy of the free particle therefore is not quantized, it can take on any value at all. 

Mathematical Interlude:


Whenever you have two consecutive derivatives, the meaning of the operation is to take the derivative of the derivative.  This is called the second derivative.  So extending our previous interlude where we took the first derivative of the function  f(x)=ex , the second derivative looks like
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Now we know there are some serious drawbacks to this description of our ‘free particle.’  First among these is the total indeterminacy of the position of the particle.  If we choose a wavefunction k (x) with a particular value of k, which we can do any way we like because of what we said in the previous paragraph,  we know the momentum (and therefore the kinetic energy( of the particle exactly.  This is what we mean when we say that the wavefunction k(x) is an eigenfunction of the momentum (kinetic energy) operator.  Therefore, we can extract the momentum information directly from the wavefunction using the operator.  Because the position of the particle is given by the probability density
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you can see that the probability density is constant and the same everywhere in space, i.e. for any value of the position x (the constant Ak does not depend on x because it is........well, a constant).  So, we are equally likely to find the particle anywhere in space.  This is also seen if you plot the real and imaginary parts of the wavefunction and see that the wave spreads uniformly in space.  The value of the constant Ak must approach 0 (ie Ak ( 0) in order for the wavefunction to be properly normalized (ie so the total probability of finding the particle somewhere in the universe is one), but Ak cannot be equal to zero.  


So, our solution earlier in the lecture was to combine two ‘plane waves’ with differing values of the wavenumber k(=2/ and thereby begin the process of ‘localizing’ the particle- that is, gaining a better idea of where it is.  
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This function is slightly more localized, we have somewhat less uncertainty about where the particle is:







But we have a worse idea of its momentum (or kinetic energy) because new is not an eigenfunction of the momentum operator and instead we have to find the momentum by finding an expectation value.  Indeed, we had to mix functions corresponding to two different momenta in order to improve our knowledge of the particles location at least a little bit. 

______________________________________________________________________________________

Question 2:


Demonstrate that new  is not an eigenfunction of the momentum operator.  Make a graph of 

newnew and demonstrate that we now know more about the position of the particle then we did before.

_____________________________________________________________________________________

Question 3:


Derive an expression for the expectation value for the momentum of the more ‘localized’ particle described by new

Hint:  Take advantage of the following mathematical relationships:
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______________________________________________________________________________________


In class, and using the wavepacket generator on the web, we saw that you could further decrease the uncertainty in position by adding more and more 'plane wave' functions to the mix.  But by doing this, we increase the uncertainty in momentum because all of the plane waves we mix together have different values of k (and therefore different momenta) and furthermore each may contribute to a different extent depending on the coefficient Ck used in the expansion of the final wavepacket describing our more localized particle.  In order to localize a particle to a truly useful extent, we have to combine many different plane wave functions each weighted according to a coefficient Ck in the sum
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One particularly useful way of generating ‘localized’ wavefunctions  (wavefunctions describing a particle in a particular region of space) involves adding infinite number of plane waves having differing k’s together, each 'weighted' by a ‘Gaussian’ factor.  These spatially localized combinations of plane wave functions are known as Gaussian wave packets. 
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where  and L are constants which control mixing of plane wave functions and therefore the physical 'shape' of the wavepacket as shown below
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______________________________________________________________________________________

Question 4


We know that ‘plane wave’ functions are eigenfunctions of the momentum operator.  Are the complex conjugates of plane wave function also an eigenfunctions of the momentum operator?  If so, what are their eigenvalues?  Based on these results, what physical interpretation can you give to the complex conjugate of a plane wave function.

Recall that an individual plane wave function which describes a free particle is 
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Hint:  First find 
[image: image21.wmf] the complex conjugate to the plane wave function above.  

Make sure to take advantage of mathematical hints already given.

______________________________________________________________________________________

Uncertainty Relationships and Commutators


So, this is the picture we're stuck with for a free particle.  The more we combine free particle wavefuctions (plane waves) which are eigenvalues of the momentum operator (and kinetic energy operator) in order to get a better description of the location of the particle, the more we muddle the momentum picture because these wavepackets themselves are not eigenfunctions of the momentum operator.  This is the origin of the famous Heisenberg Uncertainty Principle which we have discussed so often.  
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Note that the momentum/positon uncertainty relationship is not unique to these two 'observables' but can extend to any two operators that do not commute.  Two operators commute with one another where the results of operating on a wavefunction by the operators does not depend on their order.  For example, for two arbitrary operators A and B, 


[image: image23.wmf]
or

using slightly different notation
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If two operators commute with one another, then they have a set of eigenfunctions in common.  

 
In particular, for the position/momentum uncertainty principle 
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we see that the commutator is not 0 and therefore  there is no wavefunction for a particle  that is an eigenfunction both the position and the momentum operators.  In other words, there is not at the same time both an exact (or sharp) momentum eigenvalue and position eigenvalue for a particle 

When two operators commute, they can have a common set of eigenfunctions.  If they do not commute, they cannot have a common set of eigenfunctions.  More generally, if any two operators do not commute then there is an uncertainty relationship between them.  A very important 'alternative' uncertainty relationship that we will use but not derive is the energy/lifetime relationship
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where  is the 'lifetime' of a state, like an excited state of an atom or molecule, and E is the uncertainty in the energy of that state.  This uncertainty in energy can result in the broadening of a line in the spectrum of that species via:
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______________________________________________________________________________________

Question 5


Demonstrate that if a general wavefunction  is an eigenfunction of each of two operators, A and B according to the following eigenvalue equations, then A and B commute.


[image: image28.wmf], with eigenvalue a


[image: image29.wmf], with eigenvalue b

______________________________________________________________________________________

Question 6


You are doing an spectroscopically investigating the fluorescence emission spectrum of a conjugated organic molecule.  No matter how you adjust your instrument and optimize your experimental conditions, you cannot decrease the width of its main peak in the UV-vis spectrum to less than 30 cm-1.  Estimate the lifetime of the excited state

Hint:  Remember to convert the width of the peak into an energy range.  Look in your textbook for the values of the needed constants.  

______________________________________________________________________________________

Question 7


Demonstrate the following commutation relationship for the free particle wavefunction

k(x)=Akeikx
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Hint:
Make use of the following mathematical relationships (for you cognicetti, this comes from the chain rule of calculus)

(a):    
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where f(x) is some function of x 

and

(b):    
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______________________________________________________________________________________

Question 8:


Prove that a free particle wavefunction k(x)=Akeikx can have simultaneous sharp values for both momentum and kinetic energy.

______________________________________________________________________________________

The Bottom Line


Recall that the momentum eigenfunctions for the free particle, Akeikx, have momentum eigenvalues 


[image: image34.wmf] and that these plane wave functions are also eigenfunctions of the kinetic energy operator with eigenvalues 
[image: image35.wmf].  So, what then are the restrictions on the values of k (=2)?

The answer simply enough is that there aren’t any.  The value of k can be any real number, it does not even have to be a whole number.  This means that the momentum of a free particle can take on any value of momentum (or kinetic energy) without any consideration of quantization.  In other words, there is no specific, limited set of kinetic energies that the particle can take.  In a word, the energy of the free particle is not quantized.  (Ooohs and aaaahs here).
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